We propose a multi-scale diagonalization scheme to study disordered 1-dim chains, in particular the transition between many-body localization (MBL) and the ergodic phase. Our scheme focuses on the dichotomy MBL versus ETH (Eigenstate Thermalization Hypothesis, used to diagonalize resonant spots). We discuss a mean-field approximation, which captures many key features of the transition: At criticality the system is localized, with a power-law distribution of thermal inclusions. On the ergodic side, delocalization is induced by a quantum avalanche seeded by large ergodic spots, whose size diverges at the transition. On the MBL side the typical localization length remains bounded, while the average localization length (which cuts off the distribution of thermal inclusions) diverges at the transition. The divergent length scales on the two sides of the transition are of different physical origin, which entails a breakdown of single parameter scaling.
Introduction -The phenomenology and theory of MBL, understood as the absence of thermalization in interacting systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , is an exciting topic in statistical mechanics.
In d = 1, the main outstanding issue is the nature of the transition [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] that separates the MBL from the ergodic (thermalizing) phase. To describe it, several phenomenological renormalization schemes have been introduced 19, 20, 26, 27 , with partially conflicting predictions. In the present Letter, we develop a theory that is rooted in two microscopic principles. The first principle, governing non-resonant couplings, is spectral perturbation theory. The second principle is the use of random matrix theory for resonant couplings [30] [31] [32] [33] [34] [35] [36] , which strikingly predicts an 'avalanche' instability: an infinite localized system can be thermalized by a finite ergodic seed if the typical localization length ζ exceeds a critical ζ c 36 . We implement these principles in the form of a multi-step diagonalization procedure [37] [38] [39] [40] [41] [42] that is analyzed here in a mean-field fashion, reproducing the main conclusions of a numerical analysis 43 . Our approach fundamentally differs from previous renormalization schemes as in our case delocalization is triggered by the avalanche instability that is absent from the rules of 19, 27 . The validity of the avalanche scenario was recently verified through high precision numerics 44 and here we show that it leads to a consistent and physical picture of the MBL transition. In particular, the critical point turns out to be localized with probability 1, in contrast with other RG studies 19, 27 where the halfchain entanglement entropy at criticality was found to satisfy a (sub-thermal) volume law. The entanglement entropy associated with typical cuts is discontinuous at the transition, as in 21 . We give a precise definition of various localization lengths in the MBL phase, distinguishing the typical localization length ζ, which satisfies an explicit upper bound ζ ≤ ζ c and hence does not diverge at the transition, from the average localization lengthζ, which does diverge asζ ∼ (ζ −ζ c ) −1 , see Fig. 1 . This bound on ζ is at ✏ ✏ c 1 0
MBL phase
Thermal phase the heart of our description of the transition, which thus differs qualitatively from previous approaches 19, 20, 26, 27 . 45 had suggested that a certain correlation length calculated in eigenstates diverges at the transition. However, bulk correlation lengths are finite both in the MBL phase (where they are locally given by ζ) and in the ergodic phase (by the eigenstate thermalization hypothesis (ETH) they equal the thermodynamic correlation length). Therefore, even if one assumes that near the transition, the sample consists of both MBL parts and ergodic parts, it is unclear why any correlation length should diverge. Here, we clarify this issue: we confirm the divergence ofζ from the MBL side, whereas, from the ETH side, we explain the apparent divergence as a consequence of finite-size scaling, which is relevant only to end-to-end correlators, but not to correlators deep in the bulk. This appears as a striking consequence of the nonlocal nature 21, 25 of the transition. Yet, while there is no divergent correlation length on the thermal side (except for the finite-size crossover length L + ) there is a time scale t + (of local thermalization) that diverges quasi-exponentially at the transi-tion. The associated strong slowing down of transport is much more pronounced than that predicted merely on the basis of rare localized Griffiths regions [46] [47] [48] [49] [50] [51] . All these predictions follow from a purely theoretical rather than a mere numerical analysis of our scheme.
Numerics in Floquet systems
The diagonalization procedure -We consider a chain of spins S i , with d s states on every site i, with Hamiltonian of the general form
where I denotes a stretch of consecutive sites that the operators D I , V I act on. The operators D I are diagonal in a preferred basis that we can, for concreteness, take to be the S z i -basis. The V I are not diagonal and we refer to them as 'couplings'. We express lengths in units of the lattice spacing a, and a special role is played by the entropy density s = (1/a) log(d s )
a. Perturbative couplings The distinction between perturbative and resonant couplings is at the heart of our procedure. We declare a coupling V I 'perturbative' if typical eigenstates of D I + V I are small perturbations of the eigenstates of D I and can hence be obtained by perturbation theory. Following 38 , we prefer to think in terms of a unitary transformation U I that eliminates the coupling V I to lowest order by acting on H as H → U I HU † I . This is achieved by choosing U I = e A I with η |A I |η := η |V I |η E I (η )−E I (η) . Here, η, E I (η) are eigenstates and eigenvalues of D I . This procedure is meaningful iff (see supplemental material (SM))
If V I is not perturbative, then we call the coupling V I resonant and we do not eliminate it. When eliminating a perturbative coupling, we necessarily generate new couplings. Indeed, whenever I ∩ J = ∅, then we have created a new coupling
b. Resonant couplings We eliminate all perturbative couplings that do not touch resonant regions. The procedure is illustrated in Fig. 2 . Once this is completed, we assume that the resonant couplings induce full ergodicity locally (on their range) and hence we diagonalize them by a unitary that is effectively random. This strong dichotomy has been theoretically argued for in 36 and was confirmed by targeted numerical tests 44 . However, this random matrix ansatz remains consistent throughout the scheme only if perturbation theory has first been used as much as possible to 'isolate' the resonance from its environment 36, 38 . This is the reason why we diagonalize resonances in order of increasing size and leave untouched perturbative couplings that link to ergodic spots 43, 52 . The diagonalization of a resonant region changes the perturbative couplings attached to it, which might in turn become resonant. If not, they are up for perturbative elimination and the scheme is iterated, see Fig. 2 . After a number of iterations which scales logarithmically with system size, all couplings have been eliminated. c. End of the procedure The final result of our procedure is encoded in the properties of the diagonalizing unitary U that is obtained as a product U = U In . . . U I2 U I1 of unitaries, each acting on a single stretch I i , as described above. A region Y is ergodic iff Y = ∪ γ I γ for a collection of intersecting stretches {I γ } and such that all U Iγ are non-perturbative. The full system is thermal if the whole sample is ergodic, otherwise it is by definition MBL. From U , we can determine local integrals of motion 38, 53, 54 (LIOMs) by inverse conjugation:
We decompose τ i = I τ i,I in spatial components, where τ i,I acts on the stretch I. The decay of τ i,I with increasing |I| defines typical and average localization lengths:
where || · || is the operator norm 55 , whose crucial role will be explained below. The average is over disorder and over stretches I i.
The locality properties of the unitary U also reflect in the spatial decay of newly formed couplings V I (due to be eliminated later on), as they arise from a transformation inverse to (2) . ζ,ζ can thus also be defined by replacing
Mean-field analysis of the scheme -We now simplify and solve the scheme, at the expense of some approximations, see SM for discussion.
a. Resonances and scales The simplest resonances are associated to couplings V I on single bonds I = {i, i + 1}. Let ε be the probability that such a V I is resonant. We use ε as a measure for the inverse disorder strength. We call a bare spot of order k a set of k adjacent resonant bonds. The density of such bare spots is ε k /a. The existence of these resonant spots is the only randomness taken into account: the localized material between these spots is homogeneous with bare localization length ζ 1 . In other words, we consider a bimodal distribution of nearest-neighbour couplings. We parametrize 43 ζ 1 (ε) = −1/ log(ε/K) with K a non-universal constant. In our scheme, we treat the smallest resonant spots first and thus it is natural to think of the order k as an effective scale. We introduce the running localization length ζ k as above, but using a unitary U that only eliminates the spots of order k < k 56 , it is the effective loc. length seen by spots of order k. ζ k increases with k, since increasingly more effects of resonant spots are included. A spot of order k melts (or thermalizes) a region of length k on each side of the bare spot. Hence the fraction of space occupied by such thermal regions is
Detailed analysis
43 yields the intuitive rule that the decay of new couplings V I is halted in the thermal regions they embrace. We use this and we make a mean-field assumption to derive the flow equation
b. Large resonant spots We now derive an expression for the length of the melted region k . The couplings linking a bare spot of order k 1 to its close surroundings are typically resonant in the early iterations of the scheme, see Fig. 3 . After thermalizing spins on each side, the couplings V E−l , V E−r from the spot to to the spins l, r just outside it, originate microscopically from the (by now rotated) couplings V E−l , V E−r between peripheral spins of the bare spot and the spins l, r. Those scaled as || V E−l ||, || V E−r || ∼ g 0 e − /ζ k . Since we have diagonalized the spot by a random unitary, any structure distinguishing the coupling operators from random matrices (i.e., ETH behavior) has been erased, but the norm of the operators is preserved. Hence we know that ||V E−l,r || = || V E−l,r ||. As this coupling is now indeed a random matrix acting on a space of dimension d ≡ e s(ak+2 ) (since the spot has grown from two sides), its matrix elements have size
Hence the condition to be perturbative is e s(ak+2 )/2 e − /ζ k ≤ 1. Thus, spins are thermalized up to distance = k with
Since ζ k → ζ as k → ∞, but k < ∞ in the MBL phase, we derive a bound on the typical localization length
If this bound were violated, a finite spot would trigger an avalanche and delocalize an arbitrarily large system. The bound (6) should be contrasted (SM) with the weaker bound
s that does not take into account resonant spots 20 .
c. Discussion Assuming the recursion equation (4), we can render the flow of ζ k near the transition explicit (see SM). We find a transition at ε = ε c ∈]0, 1[ defining three regimes: I)localized regime ε < ε c . At large scale, ζ k → ζ < ζ c and from (5) k ∼ k. II) critical regime ε = ε c . At large scale ζ k → ζ c (the bound (6) is saturated) and k ∼ ε −k/2 . Even though the thermal regions are large, the system is localized, in the sense that the density of thermal sites
ζc is strictly smaller than 1. The probability of a thermal region of size being centered on a given site scales as p( ) ∼ −τ , with τ = 3. While the typical half-chain entanglement entropy S is hence bounded, its average (over samples)
with system size L. III) thermal regime ε > ε c . At small scales, the system appears localized (ζ k < ζ c ) but at a finite k * , ζ k * ≥ ζ c implying k * = ∞ and triggering an avalanche. The critical core size k * diverges logarithmically k * ∼ ν + log(ε−εc) log(εc) with ν + > 0. Calculation ofζ -As we have already seen, the typical spatial decay rate ζ −1 of LIOM operators cannot exceed ζ −1 c . The decay is, however, slower around large ergodic spots, leading to the divergence ofζ. Below criticality, thermal regions of size = k + 2 k occur with the probability of the corresponding bare spot, p( ) = ε
k . An ergodic region in the stretch I implies that ||τ I || ≈ 1 because these LIOMs result from a non-perturbative rotation. Using a bare spot of order k such that k +2 k = |I|, yields
Within our model the considered resonant regions are the dominant sources of slow decay of ||τ z i,I || as |I| → ∞. Therefore we can asymptotically replace the above inequality by an equality and obtain
In general we expect ζ c − ζ ∼ (ε c − ε) ν− , leading tō ζ ∼ (ε c − ε) −ν− . Numerics yields ν − ∈ [1/2, 1] to be nonuniversal: it depends on the parameter K. Below criticality,ζ is the scale at which the power law distribution of thermal spot sizes is cut off exponentially, see SM.
Finite-size scaling -Let us evaluate the probability p(ε, L) of a chain of length L to be thermal. For large L, to exponential accuracy, we find p(ε, L) = ε L/L− with L − =ζ ∼ |ε − ε c | −ν− in the MBL phase (by requiring a thermal spot to cover the whole system). On the thermal side, the system is ergodic unless it contains no explosive spots. This yields p(ε, L) = 1
The divergence ofζ and k * yields diverging lengths L ± , in agreement with previous numerics 9,10 and alternative RG approaches 19, 20 . However, the associated two thermalization mechanisms are unrelated, indeed only one involves an avalanche. This is at the root of the absence of oneparameter scaling, which is already apparent from the above expressions for p(ε, L), and then inequality of the exponents ν − = ν + . Note that there is no deep reason to expect scaling and universality, since MBL is not described by a renormalizable action with standard RG flows and the associated critical phenomena.
Correlation lengths -The MBL transition does not manifest itself in thermodynamic correlation functions, but only in dynamic properties such as eigenstate correlation functions like
for local operators O i acting around site i, where the average is over both Ψ and disorder. Numerical studies 42, 45 had suggested that
diverges at the transition, while being finite in both bulk phases. Indeed, in the ergodic phase, by the ETH (8) equals the thermodynamic correlator, which typically decays exponentially. Let us now determineξ. a. MBL phase Consider the vicinity of a full thermal region (bare spot + melted region) after it has been diagonalized.
H E describes the thermal region with E spins, whereas H l , H r act on the neighboring spin on the left/right, which we assume to never have been involved in a resonance. The couplings V E−l , V E−r are perturbative (otherwise the l/r spins would be melted as well), but barely so, as they are the first spins not to melt. Hence G E−l , G E−r ∼ 1. Let us investigate the implication of this for a typical eigenstate on l + E + r, which we decompose as Ψ = s l ,sr,b c(s l , s r , b)|s l |s r |b , with |s l , |s r and |b the eigenstates of H l , H r and H E . Let N be the number of configurations (s l , s r , b) on which the coefficients c(s l , s r , b) are mainly supported and let ρ = tr E |Ψ Ψ| be the reduced density matrix of l + r. Simple considerations (see SM) lead to the following properties for N, ρ and Cor(O l , O r ) as a function of G = G E−l/r , (where the middle row applies to our case):
This highlights the special role of the critical case G ≈ 1, relevant to the subsystem l + E + r. Hence we find Cor(O l , O r ) ≈ 1. The correlator is O(1) with the probability of a thermal region spanning the considered interval, as in the calculation ofζ above. Hence we findξ ∼ζ.Ṽ
Growth of an ergodic spot, according to our scheme, see Fig. 2 . The blue couplings will eventually link the spot to its neighbors.
Note the counterintuitive implication of the table above that, upon increasing V E−l , V E−r , such that the spins l, r are melted by the thermal region as well, the eigenstatecorrelation between these spins is lowered. This is reminiscent of the principle of monogamy of entanglement. b. Thermal phase It is often suggested thatξ as defined in (9) also diverges from the thermal side. However, within our scheme an infinite chain on the thermal side is thermal with probability 1, so that ETH applies and the correlator (8) thus decays exponentially in . Yet, ifξ is defined 45 ) via Eq. (9) with local operators acting on the two ends of the chain, then, with probability e −L/L+ , the correlator probes a localized chain and it can hence fail to decay. By exhibiting (SM) a mechanism for long-range correlations, we put the lower bound (log L + ) −1 L + on the associated divergent correlation length.
Critical slowing down -While there is no natural diverging correlation length on the thermal side, there is definitely a diverging time scale t + : the inverse of local thermalization rates for typical spins. Indeed, if a spin is eventually thermalized by a thermal region emanating from a bare spot at distance , the Fermi Golden Rule roughly yields a flipping rate e −2 /ζ Γ 0 with a microscopic rate Γ 0 . In the thermal phase most spins will be thermalized by a bare spot of order
Beyond mean-field -The numerical investigation of our scheme beyond mean-field is reported in 43 . It confirms the key features of the above mean-field analysis, while the exponents τ, β, ν ± are modified, in particular, the Harris bounds 57 on ν ± (violated by MF) are now satisfied. The tail of the subcritical probability p( ) of thermal spots is a stretched exponential rather than an exponential. Henceζ is strictu sensu always infinite. However, upon replacing Conclusion -By studying the role of ergodic spots, we have derived a mean-field flow equation describing an MBL system close to criticality, and concluded that the transition occurs as a quantum avalanche kicked off by the largest ergodic spots. We have identified the associated divergent length scales and argue that the critical point itself is localized, since the typical localization length remains bounded. It would be too strong to demand the condition (1) for every pair of states (η, η ). Some pairs of states are still allowed to be resonant in regions which are otherwise considered perturbatively coupled, as long as this type of resonances do not percolate. The latter is guaranteed if the probability for a given state η to have any resonant partner η (that is, to violate the condition on G) is much smaller than 1. On the other hand, it would be too weak to demand the condition only for typical pairs (η, η ). Indeed, if d s , the number of states per site, is large, it can happen that almost every η has a resonant partner η , in which case the resonances will percolate, while the number of resonant pairs (η, η ) is still a small fraction of all pairs. As an example, one can consider the interaction between many-body free-fermion eigenstates in a coarse grained picture, cf.
8 . For a typical pair of such states, a quartic interaction vanishes, as the interaction only connects states that differ in at most 4 occupation numbers of single particle orbitals.
B. The rule of halted decay in thermal regions
This rule is invoked just before equation (4) . The setup is that we consider a coupling V I which has a fully diagonalized thermal spot in its domain and which extends at one end to a not yet diagonalized thermal spot as well, see the bottom picture in Figure 4 . Such couplings emerge only after a few steps (illustrated in the figure as well). In particular the thermal region should be nonperturbatively diagonalized and then one needs at least one perturbative elimination to produce V I . Our rule`a`b
The couplingṼ is VI as discussed in the text. The green ellipse is the thermal spot embraced by the coupling V . The three top figures illustrate how the couplingṼ was constructed.
says then that ||V I || ∼ e − /ζ where = a + b (see Figure 4) is the distance bridged by the coupling excluding the thermal spot, i.e. |I| = a + b + t where t is the length of the thermal spot, and ζ is an appropriate localization length in the region outside the thermal spot.
The microscopic derivation is given in 43 . In fact, the analysis there shows that the decay of the norm of the perturbative couplings relevant to the RG procedure is not actually halted through treated resonant regions but replaced by an effective (negative) decay rate ζ 
It can be easily checked that our conclusions about the critical behavior are independent of ζ t as long as ζ t > ζ c . Here we simplify the analysis by setting ζ −1 t = 0.
C. Bounds on matrix elements
We comment on the bound of 20 for a localization length, mentioned after equation (6) . Said bound is formulated for a typical matrix element m I of couplings (or LIOMs) on a stretch I: m I ≤ e −s I , leading to − 1 I log m I ≥ s. If this bound were violated, then the LIOMs would be unstable w.r.t. direct hybridization because e −s I is the scaling of the level spacing in I. If we translate this bound to a bound on the norm of LIOM operators via random matrix theory, we get ||τ Mathematically speaking, our mean-field model is defined by the expressions
together with the flow equation (4), i.e.
and the relation (5), i.e.
The expression for ζ 1 (ε) is natural but not fundamental. In practice, we view it as a way to trace the fate of the parameter K, allowing us to witness non-unversality. The equation (11) is well-justified by numerics in 44 provided that ζ k is indeed the effective localization length in a region of length k around the bare spot.
Roughly speaking, there are however two major assumptions underlying our mean-field analysis. The first assumption consists in neglecting situations where a bare spot invades another (larger) bare spot while it is melting. Indeed, in the flow equation (10), we are pretending that the environment of a bare spot of order k consists of fully treated (i.e. diagonalized) spots of smaller order. The second assumption is very much related: In a stretch of length around the bare spot of order k + 1, we can define the volume covered by thermal spots of order k. The average of this volume is given by ρ k . Yet, if is of order of k+1 , this volume is zero with large probability, i.e. it is very rare to find a spot of order k there. However, in equation (10), we neglect the fluctuations of this volume on the length scale = k+1 and replace it by its average.
The analysis and numerics in 43 confirm that the full scheme, where these approximations are not made, differs only mildly from our mean-field analysis, without altering the qualitative picture. An obvious expected difference is that the critical exponents are modified. However, the most spectacular difference is that, in the full scheme, the subcritical distribution of thermal spot sizes p( ) is decaying as a stretched exponential rather than an exponential. This means that the averaged localization and correlation lengths (ζ,ξ) in fact diverge in the entire localized region. However, as also indicated in the Letter, it is more natural to redefine these notions so as to get finite lengths (except at the transition). This can be done either by defining them as the scale at which the critical size distribution of spots is cut-off below criticality (regardless of the nature of this cutoff; exponential e − /ζ or stretched exponentiale 
Analysis of the flow equations
Here we analyze the flow equations for the running localization length ζ k and 'collar' length k as defined by Eq. (10)- (11) . Introducing α k = 1/ζ k these are rewritten as
with α c = s and ρ k = ε k (k + 2 k /a). a. Scaling of collars in the MBL phase In the MBL phase ε < ε c , the inverse (typical) localization length converges as lim k→∞ α k = α ∞ > α c . The collar length grows linearly with the size of the bare spot as
b. Scaling of collars at the critical point At the critical point ε = ε c , lim k→∞ α k = α c . Writing α k = α c +δα k with δα k > 0 and lim k→∞ δα k = 0, the collar length now grows superlinearly as
Inserting in (12) and expanding in δα k leads to
Hence the inverse localization length converges as
and collars grow exponentially as
c. Insight from a continuum approximation To get more insight into the behavior of the system close to the transition it is useful to consider a continuum approximation of (15) taken for ε ε c as
Assuming first that we are in the MBL phase ε < ε c and integrating (18) 
Expanding around the critical point and using that the right hand side of (19) is a regular function of ε that is 0 at the critical point, we obtain that (α ∞ (ε) − α c ) ∼ ε∼ε − c √ ε c − ε. Thus we find
with an exponent ν − = 1/2. Above the critical point we can estimate the scaling of k * (ε), the size of the first resonances that cause delocalization, now using that δα(k * (ε)) = 0. We get
Hence, using k * (ε c ) = +∞,
Expanding around ε c we get
is of order ε − ε c and we get
with ν + = 1. d. Finite size scaling exponents The exponents ν ± introduced in the Letter to characterize the divergence of the lengthscales L ± controling the finite size scaling of p(ε, L) are thus evaluated in the continuum approximation as ν − = 1/2 and ν + = 1. Analyzing numerically the recursion equations (12)- (13) we find that the qualitative behavior (20) - (21) is correct but that the value of ν + and ν − differ from those predicted by this calculation. The use of the continuum approximation (18) thus appears incorrect (that can easily be checked) and the discreteness of the flow equations leads to corrections to these scaling exponents. We find numerically that both ν + and ν − appear to be non-universal: they depend explicitly on the choice of the function ζ 1 (ε) (bare localization length in terms of the resonance probability). Taking ζ 1 (ε) = −1/ log(ε/K) we find that as K grows ε c grows and ν − and ν + approach the values 1/2 and 1 predicted by the calculation, while in general we find 1/2 < ν − < 1 and 1 < ν + < 2. We note that these mean-field predictions for ν ± explicitly break the rigorous Harris-bound of 57 . That only appears as a caveat of our mean-field analysis: numerics on the full scheme 43 leads to exponents in agreement with 57 . e. Critical regime The transition point is MBL but characterized by the anomalous (exponential) growth of the collar lengths (17) . In a finite system of size L, slightly below the transition point α ∞ > α c , one can also observe this anomalous growth if L ≤ L crit − ∼ ε k− where k − is obtained by matching the scaling of collars in the MBL regime (14) and at the critical point (17), i.e. k − sa 2 (α ∞ − α c ) −1 ∼ a a. End-to-end correlations at ε > ε c We estimate, through a particular mechanism, the probability that the correlator between endpoints in a supercritical systems of length L is O(1). First, the system needs to be in the localized phase, which costs p + (L) ∼ e −L/L+ , the probability that there is no bare spot of order k * . Furthermore, conditioned on this, we need enough resonances so that there is a thermal spot covering almost the whole system. Using the properties of spots at criticality, we learn that the length thermalized by a bare spot of order k * (actually k * − 1, but the difference is irrelevant) is ε k * /2 c ∼ L + . The required number of such spots is hence N ∼ L/ qL + , with q some non-divergent length scale. This leads to the probability for near-thermalization is
where the second factor is due to the conditioning on the absence of spots of higher order, it is negligible compared to the first factor. We get hence, neglecting constants,
This is smaller than p + (L) and hence we obtained here that the end-to-end correlation length scales as (log L + ) −1 L + . This is merely a lower bound since we did not investigate alternative mechanisms for slow decay.
